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1. Introduction 

In recent years, the studies of the exact solutions for NLPDEs have attracted much attention to 
many mathematicians and physicists [1]. Seeking the exact solutions of NLPDEs has long been an 
interesting topic in the nonlinear mathematical physics because these exact solutions can describe 
not only many important phenomena in physics and other fields, but also they can help physicists to 
understand the mechanisms of the complicated physical phenomena [2-5]. With the development of 
soliton theory, various methods for obtaining the exact solutions of NLPDEs have been presented, 
such as the inverse scattering method [6], the homotopy perturbation method [7], the first integral 
method [8], the variational iteration method [9], the Riccati-Bernoulli sub-ODE method [10], the 
Jacobi elliptic function method [11], the tanh-sech method [12], the (G'/G)-expansion method [13], 
the Hirota’s method [14], the homogeneous balance method [15], the differential transform method 
[16,17], the Adomian’s decomposition method [18-20] and so on. 

As is well known, the high dimensional NLPDEs have richer behavior than one-dimensional. 
It was shown that the different structure of solitons peculiar to the higher dimensionality may con¬ 
tribute to the variety of dynamics of nonlinear waves [6,21,22]. Therefore, the investigation of var¬ 
ious structures of exact solutions is imperative for physics and mathematics to the complexity and 
variety of dynamics determined by higher-dimensional NLPDEs [23,24]. 

In this paper, we consider the GNNVEs: 

Uf + auxxx + buyyy + cux + duy — 3a{uv)^ — 3b{u(o)^ = 0, (la) 

Ux = Vy, (lb) 
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Uy = ( Ojc , (Ic) 

which is a known isotropic extension of the well-known (l-i-l)-dimensional KdV equation, and 
a,b,c and d are constants. When c = d = 0, the GNNVEs are reduced to the (2-i-l)-dimensional 
Nizhnik-Novikov-Veselov equations (NNVEs) which have been studied by many authors [25-27]. 
But for the GNNVEs, Radha and Eakshmanan constructed only its dromion solutions from its bilin¬ 
ear form after analyzing its integrability aspects [28], and Zhang et al. obtained its the single solitary 
wave solutions, multi-soliton solutions and dromion solutions [29]. In this paper, in order to search 
the influence of initial solution (Obviously, u = aooo,v = = cqoo are initial solution of the 

GNNVEs, where aooO) ^ooo and cqoo are arbitrary constants.) to the exact solutions, the GNNVEs 
are converted into the combined equations of differently two bilinear forms by using the homoge¬ 
neous balance of undetermined coefficients method. Accordingly, the exact V-soliton solutions and 
three wave solutions are easily obtained respectively. 

The remainder of this paper is organized as follows: the GNNVEs are converted into the com¬ 
bined equations of differently two bilinear forms in section 2. In sections 3-4, by using the struc¬ 
tures which are obtained in section 2, the exact V-soliton solutions and three wave solutions are 
constructed respectively. In section 5, some conclusions are given. 

2. Structure of the GNNVEs 

Now, we deduce the structure of the GNNVEs by using the homogeneous balance of undetermined 
coefficients method. 

Suppose that the solutions of Eqs. (1) are of the forms 

i—m,j—n,k—s 

M = Y, aijk(hiw)iji^ + aoQo, (2a) 

i,j,k=0 

/+ j^0,m-\-n+s 


i=P,j=<l,k=g 

v = bpgg(lnw)p^^g+ Y bijk(lnw)ijf^ + booo, i2b) 

ij,k=0 

i+j¥^0,p+q+g 


0) = Clrh{lnw)i,.j^ + 


Y Cijk{lnw)pj,^ + cooo, 

i,j,k=0 

i+j^O.l+r+h 


(2c) 


where u = u{x,y,t ), v = v{x,y,t) ,(0 = C0 {x,y,t ), w = w{x,y,t) and (Inw),. ^.^ = and 

m,n,s,p,q,g,l,r,h (balance numbers), and aijk (/ = 0,1, • • • ,m; y = 0,1, • • • ,n; k = 0,1, • • • ,s), bijk 
(/ = 0,1,-- - ,p; y = 0,1,-- - k = 0,--- ,g) and (/= 0,1,• • • ,Z;y = 0,1,• • • ,r;k = 0,1,• • • ,/i) 
{umnsbpqgCirh / 0) (balance coefficients) are constants to be determined later. 

Balancing Uxxx and (nv)^ in Eq. (la), Ux and Vy in Eq. (lb), and Uy and CDx in Eq. (Ic), it is required 
that 

m-|-p-|-l = m-|-3, n + q = n, s + g = s, m+l = p, n = q+l, s = g, m = l+l, n+l =r, s = h. 
Solving the above algebraic equations, we get m= 1, n = l, 5 = 0, p = 2, q = 0, g = 0, Z = 0, r = 
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2, h = 0. Then Eqs. (2) can be written as 

M = aiio(lnw)^ + aioo(lnw)^ + aoio(lnw)y + aooo, (3a) 


V = ^2oo(lnw)_^^ + ftioo(lnw)^ + &ooo, 


{3b) 


«= co 2 o(lnw)yy + coio(lnw)^ + cooo, (3c) 

where a,yo {hj = 0; 1)? ^/oo {i = 0)1)2) and co,o {i = 0,1,2) are constants to be determined later. 

2 

Substituting Eqs. (3) into Eq. (lb) and equating the coefficients of 22^ on the left-hand side of Eqs. 
(lb) to zero yield an algebraic equation for ano and ^200 as follows: 


2(aiio — ^ 200 ) = 0. (4) 

W 

Substituting Eqs. (3) into Eq. (Ic) and equating the coefficients of on the left-hand side of Eq. 
(Ic) to zero yield an algebraic equation for ano and C 020 as follows: 

2(aiio — C 020 ) = 0. (5) 


Solving Eqs. (4) and (5), we get ^200 = C 020 = ano- Substituting ^200 = C 020 = ano back into Eq. 

WxWy{awl+bw)) 


(la) and equating the coefficients of 
algebraic equation for ano as follows: 


on the left-hand side of Eq. (la) to zero yield an 


12ano (ano+ 2) — 0. (6) 

Solving the above algebraic equation and noticing ano / 0) we get ano = ~2. Substituting ano = 
^200 = C 020 = ~2 back into Eq. (lb) and integrating with respect to .r once (taking the integration 
constant as zero), we get 


aioow;c + (aoio-^ioo)wy 

w 


(7) 


Substituting ano = ^200 = C 020 = ~2 back into Eq. (Ic) and integrating with respect to y once 
(taking the integration constant as zero), we get 

gpioWy -b (aioo — cqio) Wx _ q 

w 


Obviously, setting aioo = aoio = ^100 = coio = 0) Efis. (lb) and (Ic) become identities. Accordingly, 
Eqs. (2) are reduces to 


M =-2(lnw)^-baoo0) V =-2(lnw)^-bfiooO) (0 = -2{\nw)yy + cooo, (9) 

where w = w (v,y,t) is a function of x,y,t that will be determined later, and aooO) ^000 and cqoo are 
constants to be determined later. 
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Substituting Eqs. (9) into Eq. (la) and simplifying it, we get 


2 a {K\ii 2 — 3aooo-^ii — 3&ooo-^fi2) + 2 c^i 2 + 2 dK 22 + 2 K 23 




2 b (3aoooK22 + 3cooo^i2 — ^ 1222 ) \ 


= 0 , 




( 10 ) 


where 


^11 = WjocW - wj, Kn = - WxWy, K 22 = WyyW - Wy, K 23 = WytW - WyWf, 


K\\\2 — WxxxyY^ 3WxxVr_q, WxxxY^y ^1222 — Y^xyyyY^ 3vr;i^Vr-y WxY^yyy~i~ 3vr_^,W^ 


yy. 


Eq. (10) ean be written eoneisely in terms of D-operator as 


(DyDt + aD^Dy - 3aaoooDl + (c - 3abooo) D^Dy + dOj) w • w \ 

^ j 

/ X 

{3amQD'^ + 3coQoDxDy-D,:DI) ww\ 

” V y ~ ’ 


( 11 ) 


where 


D^Dla ■b = {d,- d,,nd, - dgfa {x,t) b {x',t') 

Erom Eq. (11), we suppose 

{DyDt + aDlDy - 3aaQQQDl + (c - 3abooo) DJdy + dD^) w • w = 0, (12) 

and 

{3aQQoDy + 3coooDxDy — D^D^y) w • w = 0. (13) 

Eqs. (12) and (13) are the eombined equations of differently two bilinear forms for the GNNVEs. 


3. A^-soliton solutions of the GNNVEs 

In this seetion, to obtain N-soliton solutions for the GNNVEs, we will apply the Hirota’s direet 
method [14] eombined with the simplified version of Hereman et al. [30,31] where it was shown 
that soliton solutions are just polynomials of exponentials. Moreover, we will show that N-soliton 
solutions for finite N {N >\) exist [32]. 
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To determine the dispersion relation, we set cqoo = 0 and 

w= (14) 

Substituting Eq. (14) into Eqs. (12) and (13) yields the dispersion relations 

„ 3aooo „ 3P^abooo - cP^ - 3r/aooo 

Ll = -, K = -. 

P P 

Aeeordingly, we get the 1-soliton solution, 2-soliton solution, 3-soliton solution as follows: 

wi = 1 + W2 = 1 


= I + , (15) 


Ui = - 2 (lnw,)_^, + aooo, v,- = - 2 (lnw,•)_,;,+ ^ooo, w,- = - 2 (lnw,)^, 


where 


Tji — Kit + Q.iy + PiX, Q-i 


3aooo „ 3P^abooo - cPf - 3daoQo 

-, Kj = - 

Pi Pi 


^ii — 


{pf-PjPj+pj) [Pj-Pjf 
(pf+PiPj+pj^{Pi + Pjf 


1,2,3;/ < j) , ai23 = «12«13fl^23, 


and Pi {Pi / 0) (/ = 1,2,3), aooo and /?ooo are arbitrary eonstants. 

Notiee that we use Eq. (14) to determine the dispersion relation, ^2 = 1 to 

determine the faetor a 12 to generalize the result for the other faetors a,y (1 < / < 7 < A^), and finally 
we use W 3 = 1 +e^' +e't 3 + ai 3 e’ti +')3 _|_^23e’t2+»?3 _|_^j23e't‘+’t2+rj3 (q determine 

ai 23 , whieh should result in ai 23 = ai 2 fl:i 3 fl :23 for 3-soliton solutions to exist. The parameter 0:123 
should be in terms of the free parameters a,y only, beeause 3-soliton solutions and higher level 
soli ton-solutions should not eontain free parameters other than a,y. The existenee of 3-soliton solu¬ 
tions eonfirms the faet that A-soliton solutions exist for any order. Based on this, we eonelude that 
the GNNVEs, like the KdV equation, are eompletely integrable. 

Remark 1, Eq. (11) ean also be written as 


{aDlDy - 3aaoQoDl -|- (c - 3abooo)DxDy + dD^) w • w' 




—b 


( (3aoooA)y -h 3cQ0QDxDy - D^D^y + \DxDt) w ■ 

i ^ 


= 0 . 


Erom Eq. (16), we suppose 

{aD^Dy - 3aaQQQDl -|- (c - 3abooo)DxDy + dDy) ww = 0, 


(16) 


(17) 


and 


3aoooDy + 3coooDxDy — D^Dy + -D^D^ w • w = 0. 


( 18 ) 
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Similarly, to determine the dispersion relation, we set aooo = 0 and 

w = 1 

Substituting Eq. (19) into Eqs. (17) and (18) yields the dispersion relations 

^ P (aP^ — 3abooo + c) 


(19) 


K = 


bP [aP^ — SaZjQoo + c) [a^P^ + (2ac — ha^Z^oco) + (3a^ooo ~ c)P^ — 3cooo'^' 


Aeeordingly, we get the 1-soliton solution, 2-soli ton solution, 3-soliton solution as follows: 

= 1 + gti, W2 = 1 -h e'’* -h -h ai2e''‘+'’", 

W3 = 1 + + ai23e'’‘+’^^+'’^, (20) 


Ui = -2{lnwi)^, Vi = -2(lnw,)^-h^ooo, = -2(lnw;)Y^ + cooo, 


yy 


where 


Tji — Kit Pi-iJ -\- PiX, Q-i — — 


Pi {aPf - 3abooo + c) 


Ki = 


bPi (aPf - 3abooo + c) [a^Pf + {2ac - 6a^booo) Pf + {3abmo - cjPf - 3coood 


(P,-Pjffafp^ + PiPj + Pj-3booo)+c] 

da ^ / ~} ^ ^ ? (h 7 1,2,3,/^ y), u:j23 u: 12 ^ 13^23 ? 


{Pi + PjY (^a (^7^2 _ p.p. + p2 _ j + ^ 

and Pi {Pi Y 0) (/ = 1,2,3), ^000 and cqoo are arbitrary eonstants. 

Remark 2. Setting aooo = ^000 = cooo in Eq. (11), Eq. (11) ean be written as 

Dy {w, -h aw XXX + bWyyy -f CWx + dWy) ' W \ 3 {aWxWxXXy + bWyWxyyy - aWxXxWxy - bWxyWyyy) 






6 {aWxWxxWxy + bWyWyyWxy ” dW^Wxxg - bw'^Wxyy) 


w-’ 


We suppose that 


Wf -h awxxx + bWyyy + CWx + dWy = 0 


y — yj, 


= 0 . 


(21a) 


dWxWxXXy “h bWyWxyyy dWxxxY^Xy bWxyWyyy — 0, 


(21ft) 


aWxWxxWxy + bWyWyyWxy - aWyWxxy “ bWyWxyy = 0. 


(21c) 
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Suppose that the solution of Eqs. (21) is the form 

w=A + B/(^)e^ (22) 

where = Kx^Ly + Q.t + ^Q, rj = kx + ly + (Ut + rjo, and A,B,K,L,Q., UJ, rjo are constants 
to be determined later. Substituting Eq. (22) into Eqs. (21) yields a set of algebraic equations for 
A,B,K,L,Q.,^o,k,l,(n,rio. Accordingly, w,u,v and ft) can be determined [29]. 

4, Exact three wave solutions of the GNNVEs 

In this section, the three-wave method [33] is employed to seek the exact solutions of the GNNVEs. 
With regard to Eqs. (12) and (13), using three-wave method, we are going to seek the solution of 
the form 

w = +d\ cosi§2 + '^2Coshi§3 -1-^36'’*, (23) 

where = aix + ^iy + yit {i = 1,2,3), and Ji and d,- (/ = l,2,3)are constants to determined 
later. 

Substituting Eq. (23) into Eqs. (12) and (13), and equating all coefficients of sinhi§3, 
cosh i§3, sin i§3, cos i§3, sinh 1^3 sin ^ 2 , cosh 1^3 cos ^2 and constant term to zero, we obtain 
a set of algebraic equations for a,-, j3,, Yi,di (/ = 1,2,3) ,aooO;^ooo and cooo- 
Erom Eq. (12), we have 

aafp2d2d3 -h 3aa^a3j3id2'^3 + 3aaia|j83d2<3?3 + ao:|j3id2'^3 — 6aaoooOJio:3(i2'^3 + 2dj5ip2d2d2 -h 
p3Yi‘^2d3 — 3ftf>oooo:ij83<i2'^3 — 3af>ooo«3i3id2r/3 + cail5T,d2d3 + ca3Pid2d2 + l5iY3d2d3 = 0, 
3cibQ()()CC2p3did2 A 3a(X2Ci2p2did2 — 3ci(X20i^p3did2 — acc^p2did2 + 6ftftooot^2t^3'^i‘3?2 — p2Y3^i^2 A 
ci(X2p3did2 A 3cibooo(^3p2did2 — c(X2p3did2 — c(X2p2did2 — 2dp2p3did2 — p3Y2did2 = 0, 
3aboooCCip3d2 — aa^p3d2 — 3aafa3pid2 — 3aaia^p3d2 — aa|j3i(i2 + 6aaoooCCia3d2 A 
3aboooa3Pid2 — caip3d2 — ca3Pid2 — 2dPip3d2 — P\Y3d2 — p3Yid2 = 0, 

aafp2di -h 3aaj^a2i3idi — 3aaia^p2di — aa^pidi — 6aaoooaia2di — 3aboooaip2di — 
3af?oooOt2j8idi Ac(Xip2di Ac0C2pidi A2dpip2di + PiY2d\ Ap2Yidi = 0, 

3aboooGC2pidid3 — aa^p2did3 — 3aafa2pidid3 A aa|j3i(iid3 -|- 6aaoooGCi(^2did3 — piY2d\d3 A 
3(icci0i^p2did3 — ccc\p2did3 — ccc2pidid3 — 2dpip2d\d3 A 3(ib()QQCC\p2did3 — p2Yidid3 = 0, 
3aaoooCCid2d3 — aa^pid2d3 — 3aa\a3p3d2d3 — 3aa\alpid2d3 — aa^p3d2d3 A 3aaoooCt3'^2‘3^3+ 
3aboooaiPid2d3 A3aboooa3p3d2d3 — caipid2d3 —ca3p3d2d3 —dpfd2d3 —dp^d2d3 — (24) 

PiY\d2d3 — p3Y3d2d3 = 0, 

3aa\a2p2d\d3 — aa^pidid3 A 3aaia2Pidid3 — a(X^p2d\d3 A 3aaoooOt^‘3?id3 — dpfdid3 — 
3aooofl^o;|di(i3 -|- 3abooQaipidid3 — 3abQQQa2p2did3 — caiP\d\d3 A ca2p2d\d3 A dp2did3 — 

^i7i(iid3 -1-/3272did3 =0, 

3aa\a2p2di — 3abooo(^2p2di -I- 3aaio;|j3i<ii -|- 3aaoooGC^di — 3aaoooCt2‘^i + 3aaiboooPidi — 

aafpidi —aalp2d\ —ca^pidi Aca2p2di —dpfd\ Adp^di — PiYidi Ap2Y2di =0, 

3aaixioGCid2 — aaiPid2 — 3aafa3p3d2 — 3aaia|/3id2 — aa^p3d2 A 3aaoooCt3<3?2 — PiYid2 A 
3abixioaipid2 A3aboooCC3p3d2 — caipid2 — ca3p3d2 — dpfd2 — dp2d2 — p3Y3d2 = 0, 
3a(X^a3p3did2 — a(X^p2did2 A 3aa20i^p2did2 — aa^p3d\d2 — 3aaoooCt2‘^i'^2 + 3aaoooCt3'^i'^2 — 
3aboooa2p2did2 A 3aboooOC3p3did2 Aca2p2d\d2 — ca3p3did2 Adp2did2 — dp2did2 Ap2Y2did2 — 
p3Y3did2 = 0, 

3aaoooOj|d2 — 4aa|j82(ij —4aa^p3d2 — 3aaoooOt|dj -|- 3abQ0Qa3p3d2 — I6aa^pid3 —4piYid3 — 
3aboooCC2p2di A 12aaoooOtfr/3 -I- 12af?oooo:ij8i(i3 -|- ca2p2d\ — ca3p3d\ A dp^dj — dp^d^ — 
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4caiPid3-4dpfd3+p2Y2d]-p3Y3d2 = 0 . 

And from Eq. (13), we have 

30t2j82 j83(iir/2 — CC2p3dld2 + CC3p2d\d2 — ^OC3p2p3dld2 + (>ii000p2p3dld2 ^Co()oCC2p3dld2 + 
3cooO«3i82'^l'^2 = 0, 

6aoooi3ij83(i2 — ^cciPip3d2 — 0Cil5^d2 — a3[5^d2 — 3a3liili^d2 + 3coooOtij33(i2 + 3coooOt3j3i(i2 = 0, 
3a]j8|^j83(i2'^3 + (^ip 3 d 2 d 3 + a 3 l 5 fd 2 d 3 + 3a3j8i/33^(i2‘3^3 ~ 6 cioooPip 3 d 2 d 3 — 3 cooo01^83^2<^3 ~ 
3coooOC3pid2d3 = 0 , 

ccip2did3 — 3ccil3^p2did3 — ot2/3j^r/ir/3 + 3cc2pip2did3 + 6fl:oooi8ij82dir/3 + 3cooo0^ij82'^i'^3 4~ 

3cooo(X2pidid3 = 0 , 

3ocil5fp2di — o:ij8|r/i + 0C2pidi — 3o;2i3ij8|r/i — 6fl:oooi3ij32r/i — 3coooo:ij82(ii — 3coooa2Pid\ =0, 
3o!i dir/3 — ccil3^did3 + 3c)C2l3^p2did3 — C)C2p2did3 + 3fl;oooi8^r/id3 — 3fl:oooj82‘^i‘^3 4~ (25) 

3coooaipidid3 — 3coooOf2j82'^i<3?3 = 0 ; 

3aooop^d2d3 - aij3j^<i26?3 - 3aipip^d2d3 - 3a3pfp3d2d3 - a3p^d2d3 + 3aoQoPfd2d3 + 
3coooOCipid2d3 + 3cooo«3i83'^2<3?3 = 0) 

3o:i — ocipfdi + 3(X2pip2di — o; 2 j 8 |di + 3aoQol3fdi — 3aooop2di + 3coQo(^iPidi — 

3coooOt2j82di = 0, 

3aoooPid2 — LCiPid2 — 3ail5il5jd2 — 3a3p^p3d2 — a3p^d2 + 3aooop3d2 + 3coooOtij8i(i2+ 
3coooOt3j83(i2 = 0, 

3a2p2p3did2 — a2p2did2 + 3a3p2p3did2 — a3j83^(ii(i2 — 3aooop2did2 + 3aooop3did2— 
3coooOt2j82r/i<i2 + 3coooOt3j83(ii(i2 = 0, 

3aQoop3d2 - 4a2p2d\ - 4a3l5^d2 - 3aoooPidf - \6ail5fd3 - 3coooa2i82t/i + 3coooa3i836?2 + 
12aoooi3fr/3 + 12 coooOtij 8 i(i 3 = 0 . 

Denote that I = \/—l and £ = zhl. Solving the systems of (24) and (25) with the aid of Maple, 


we obtain the following eases: 

Case 1. di =0, d 2 = 0, ^3 = <^ 3 . 

(1) fl^OOO = ^3^, —^000 = ^000> Cqoo = C000> Otj = «!, a2 = CC2, CC3 = 0:3, j8i = j8i, p2 = p2, 


O O (3acoooal-3abomaiPf+caipf+dl3f) 

p3 = j83, 7i = ^^^72 = 72, 73 = 73- 

... ^ e ,0 (3acoooaf-3abooo«iPf+caiPf+dpf)t 

Aeeordmgly, we get wi = e ^' + where gi = aix + piy — ^ 

Pi 

Case 2. di =0, d 2 = d 2 , d 3 = 0. 

(1) fl^OOO = ^000 = booo, Cooo = Cooo, «! = «!, a2 = GC 2 , CC 3 = 0, pi = pi, 132 = p 2 , p3 = 


7i = - 


-, booo — booo, Cooo — cooo, oci — ai, a 2 — (X 2 , (X 3 —0, pi — pi, p 2 — P 2 , p 3 — 0, 

_ 3acoooa^-^aboooaiPi+caiPf+dpf _ n 

al 5 f 2 — f 2 , f3 — 'J- 


«2 

(2) aooo = 0, ^>000 = ^000, cqoo = ^, 0:1 = ai, a2 = 0,2, 013 = 0:3, pi = pi, P2 = P2, p 3 = 0, 71 = 
3 a^ooo«i — accf — 3aaia3 — cai — dpi, 72 = 72, 73 = 3 abooo (^3 — 3 aafa 3 — na| — ca3. 
Aeeordingly, we get (1) W 2 = +d 2 , (2) W 2 = +r/ 2 cosh 1 ^ 3 , where 

(1) ^1 = aix + piy - 3^^ooo«?-3.fcooo«./3f ^ 

(2) ^i = aix + piy+ (3aboooOCi — ciocf — 3aaio;| — cai — dpi^ t, 

^3 = a3V + (3aboooCC3 — 3aaj^a3 — aa| — ca3) t. 


Case 3. di = di, d 2 = 0, ^3 = 0. 

al 

(1) fl^OOO = 0, ^000 = ^ 000 , Cooo = ^, 0 : 1 = «!, a2 = OC2, (X3 = a3. Pi = pi, p2 = 0, p3 = p3, 7i = 
3 aaia| — aa^ + 3 aboooGCi — ccci — dpi, 73 = 73, 72 = 3abooo(^2 — 3aa\a2 + aa| — ca2. 

402 

(2) aooo = 0, ^000 = ^000, cooo = —3^, oti = ai, a2 = 0, a3 = a3, pi = elp2, P2 = P2, p 3 = p 3 , 
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7 i = 3abooooci - aa^ - eW /32 - cai, 72 = -d^, 73 = 73 . 

Accordingly, we get W 3 = + di cos ^ 2 , where 

(1) i§i = aix + piy + (3aaia| — aaf + 3aZ?oooOti — cai — dpi) t, 

^2 = ccix + [3aboooGC2 — 3aafa2 + aa^ — ca2) t, 

(2) i§i = aix + elp2y + (3aZ?oooo:i — aa^ — eldp2 — ccci) t, ^2 = Piy — dp2t- 
Case 4. d\ =0, d 2 = d 2 , dj, = d^- 

q2 

(1) fl^OOO = 0 > ^000 = ^000> Cooo = Ctl = Oti, a2 = 0:2, 0:3 = 0 , pi = 0, p2 = P2, p 3 = p 3 , 
7 i = -«! {aaf - 3abooo + c), 72 = 72 , 73 = -p3d. 

4«2 

(2) aooo = 0, ^000 = ^ooo> cqoo = oci = ai, a2 = oci, 0:3 = a3, p2 = P2, Pi = p 3 = 

1 2ab()Q()d2 0 ^ 3+^<^2 0^3 ~4cti3 o ;3 +^1 Ti 73 —4^ ^3 0^3 


4ad2 c^3 +1 2ad^ — I2ad2 cc^oc^ — l 2ad2, (X\ a^—^aboood^ «3 

d{d2—4d^^ 

_ aa^d2-\-3ad2 cc^ +3t3^2 ^3 —7ci^ (X^ —2%ad^ +1 2ad2, (X^ (X^ 


d[dl-Adi) ’ 

«! -cd| 0(3 -4cd3 «! 40^3 0(3 -75 +4ii3 75 


1 2 adi CKi c(|— 3 aboood 2 cci 4 adi C(| +3<3fooooi^2 “3 ^ 2afoooo^^3 0:1 — 12aZ)ooo(t3 0(3 
(/2-4rf3 


-4^3 


, 72 = 72, 73 = 73- 


( 3 ) aooo — ^3p2 °°°^ ’ ^000 ~ ^000, cooo — cooo, GCi — 0:1, CC2 — CC2, CC3 — eai, pi — Pi, p2 — P2, 


p3 = £pu 72 = 72, 7i = - 


_ 3acooo af - 3abm a 3 /3f+c «3 +dl3f _ 


4B^ 

(4) aooo = 0, ^000 = ^ 000 , cooo = oti = oti, a 2 = 0 C 2 , (X 3 = a 3 , p 2 = P 2 , p 3 = —Pi, 


Pi 


, 73 = £71- 


Q _ 4ad^a2—4ad2(X2-\-l2ad2af-\-l2ad^afa3 — l2ad2aia- 

~ d[dl-4di) 


3 aboood2 - llabimd^ -cdj +Acdi a^-d^yi+Ad-i 75 

d[dl-Adi) ' 


_ ad2al—3ad\alai+3ad2a\a2+lad\a2—2Zad2,al — l2ad2,alai cd\a\+cd\ai~Acdiai—Acdiai+d\yi—Adiyi 

~ dj-Adi dj-Adi 

1 ladj 0!i«!- 3abooodlai -Aadj o;|- 3aaib<md\ +1 labopod }cxi +1 labopodj 0(3 _ 

^3 , 72 72, 73 73- 

(5) aooo = 0, ^000 = ^000, cooo = 0, ai = 0, a2 = CC2, 0:3 = 0:3, Pi = Pi, p2 = P2, p3 = 0, 71 = —dPi, 

72 = 72,73 = 3aboooGC3 - aa| - ca3. 

Accordingly, we get W4 = + 0/2 cosh 1^3 + 0/3^'’*, where 

(1) (§1 = aix - ai {aa^ - 3abooo + c) t, ^3 = p3y - dp3t, 

( 2 ) ^i = aix + piy + 7 it, ^3 = a3X + piy + 73 ?, 

(3) = aix + piy + 3.t,ooo«3/3f-3.oo^oO(? -ca,Pi^dpf ^ 

^3 = eaix + piy + e (^ ^‘^l’oooa,pf-3ay^a^-ca,l}i^dpf ^^ 

(4) ^i = aix + piy + 7it, ^3 = a3X - piy + 73?, 

(5) ^i = piy - dPit, (§3 = a3X+ (3a^ooo«3 - aa| - ca3) t. 

Case 5. di = 0,0/2 = d2, <^3 = -j-. 

(1) aooo = ^3p2 °°°^ ’ ^000 = ^000, cooo = cooo, 0:1 = ai, a2 = «2, 0:3 = eai, pi = Pi, p2 = P2, 

P^ = ePi, 7i = 6aAoo«i P^-6acooo gf -2caipf^2dpf-epfn ^ ^ ^ 

(2) aooo = 0, ^000 = ^000, cooo = cooo, 0:1 = ai, 0:2 = 0^2, 0:3 = eai. Pi = Pi, P2 = P2, p3 = —£Pi, 
7i = £73 - 2dpi, 72 = 72, 73 = 73- 

P d^ P 

Accordingly, we get W5 = + 0/2 cosh 1^3 + , where 

(1) = ai;r + Piy + ^ ^ ^ 

(2) ^i =aix + piy + {e73-2dpi)t, ^3 = eaix-epiy+ 73!. 
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Case 6. d\ =0,d2 = d 2 - 

- 4ft(3aij32-aii3|-2a3i3ift) ’ “ 3(aift-a3ft) ’ ^000 - -3(aift-«3ft) ’ 

, _ 2aafpiPj—aafa3PfP3—3aafa3f}j—3aaia^Pf+3aaia^PiP^+5aaia^pfl}3 

3aa3(aip3-a3pi}(Pi-P3) 

caia3Pfp3~caia3p^-i-daiP^P2—daip^—ca2Pf—aa^pf—aa2PiP3~aaia^P2 . 

3aa3 («! ft -0!3j 8 i) (/If -/Ij^ ) 

ca^PiP^-da3PfP3+da3piP^+aiPfP3r3-a3p^r3-a3pfy3+a3Pip^y3 ^ ^ «_ft r_ 

-^ai _ ai, a2 - a2, «3 - «3, l^i - liu lii - 


P2, P 3 = P 3 , 72 = 72 , 73 = 73 , 7l = 

2aa^PiP3+daiplP3-daip^-da3Pf+da3pip^+aipf'}^-aiP^'}^ 

<^3{Pi-P3) 


_ 2aa^p\p2^2aaf —2aa^a2p2 ~'4aa^p\p^—laaia^pf ^laaia^p2 


a3{Pf-Pi) 


+ 


( 2 ) d3 = 


2_fi2 

2 (3j3f-/3|) ’ ^ Z?000 = ^000 > CqoO = ^ 

_ aafpf+aa^P^+3abQOQOiiPl-3aboQoaip^-caipf+caip^-dpf+dPiP^ 

(PMi) 


‘Jfy fi 

fl^ooo = —^000 = ^ooo> cooo = % ' , «i = oci, a 2 = 0 , 2 , 013 = 0, j3i = jSi, 

72 = 72, 73 = 


Ih — p 2 , p3 — p3, 7l — 

P3(2aa^pi+dp^-dp^') 

-{Pi-Pi) 

Accordingly, we get W(, = + d 2 cosh <§3 + d^e^' , where 

(1) (§1 = aix + j3iy + 7if, ^3 = a 3 X + /33y + 73 ?, 

(2) <§1 = UiX + piy + 7 if, (§3 = psy + 731- 
Case 7. di = di, d 2 = 0, d 3 = d 3 . 

02 

( 1 ) fl^ooo = 0 , booo = booo, cqoo = oti = 0:1, 0^2 = 0 , a 3 = a 3 , j 3 i = 0 , 1^2 = P2, p 3 = ^3, 

7 1 = -«! [aol - 3abmQ + c), 72 = -dp 2 , 73 = 73 - 

q2 

(2) aooo = 0 , 1^000 = ^ 000 , cqoo = ^, 0 ^ 1 = 0 , 0:2 = (X 2 , (X 3 = 0 : 3 , Pi = l^i, P 2 = 0 , P 3 = P 3 , 7 i = —dpi, 

72 = aal + 3aa2^ooo - ca2, 73 = 73 - 

( 3 ) aooo = 0, cooo = «! = «!, a 2 = a 2 , 0:3 = 0 : 3 , Pi = £lp 2 , P 2 = P 2 , p3 = p3, 72 = 72, 73 = 73, 

j Aaa2d\-^l2ad2,OL}o(,2—^ad^OL2—cd\a2—dd}p2-\-Acd2,(X2-\-^dd2p2—d}y2+Ad2,yi eliAad^Uy+Aad^otia^^ 

^000 = --^- .(a^. ^ 7i = 


2)a(^Ad2—d^^a2 a(^Ad2~d^^a2 

«[ {aa^a2+aci2~dp2—yi^ el (^ 3 adj a2-\-3ad^ a2-\-^2ad2(xf -\-l2ad2a^ a2-\-dd^ a2p2—^dd2(X2p2^ 

^ ^ (4ft^rf2)a2 ■ 


(4)A‘’ = 


0 _ (rff-4ft) {dpi+nf _ (rf?-4ft)(2/ft+T^)ft 


-24a2ft(df+2ft) 


, fl^OOO = 


18aA^d3 


1 1 

i aooo — aooo, Cooo — ——, «i — A, a 2 — 0 , 


«3 — «3, ^1 — ’ ^2 — p2, p3 — p3, 72 — 72, 73 — 73, 


7i = 


(l2a^bm)d\d3 + 144a^booodj —24acdfd3 —48acdj ^A‘^—3d^df /3|—4drff ft')^ 


24aftA3(rff+2ft) 


+ 


48rf^rf|j3|—4drffftft^—rffyl+SOrfrff ft)5—4dfft>|+32rf|^ 


24aftA3(rf2+2ft) 


/ex A ; 4aa^-ca2-dP2-y2 

( 5 ) aooo = 0 , l^ooo = —^ 


COOO = -^, «! = -£la2, a2 = a2, 0-3 = 0 C 3 , pi = £lp2. 


-3aa2 ’ "uuu — 3 

p2 = p2, p 3 = p 3 , 7 i = { 2 dp 2 + 72), 72 = 72, 7 ? = T?- 

2r\ a2(4/3|+3cooo) , 3acooo<X2+ca2p2+dPT+Piy2 t 

(6) aooo = ^ _303 -^000 = - 3 aa 5 | ’ ^ ^°°°’ ^ ^ ^ 

j 3 i = elp 2 , p 2 = p 2 , p 3 = p 3 , 7 i = £^ 72 , 72 = 72 , 73 = 73 - 

2^3 d6 (fl'f-4ft)"(dft + y>)" A 7 7 4/3| „ „ A 

(7) B —- _ 144 ^ 2^2 -, aooo — 0, booo — booo, cooo — — 3 -, o^i — B, a 2 — 0, a3 — a3. Pi — 

ft(rff-4ft)(rfft+^) 

12aftB3 ’ 
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(432a^ 1)000^3 ~ 144acrf| /1|—32rf^rfjfi(3 fi^+ldd'^ hh 


lA4adlB^ 


P2 = P2, P3 = ft, 72 = 72, 73 = 73, 7l = 

112rf2rf2/l|_52rfrf2 rf3/32]^+rf5^ 71+176^4/32 l^>-20rfJ<i3r|+644 of 
l44ad^ ■ 

Accordingly, we get wy = + di cos ft + , where 

(1) ft = aix - «! [aaf - 3abooo + c) t, ft = fty - dftt, 

( 2 ) ft = fty — dfiit, ft = o; 2 -x+ + 3 ao; 2 ftoo ~ ^ 0 : 2 ) t, 

( 3 ) ft = ai;c + e/fty + 71 1 , ft = a 2 ^ + fty + 72 ?, 

(4) ft = Ax + piy + 7 it, ft = fty + 72 ?, 

(5) ft = -ela 2 x + e/fty - el (2dft + 72 ) f, ft = a 2 .x + ftj + 72 ?, 

( 6 ) ft = ela 2 x + e/fty + e/ 72 ?, ft = a 2 -x + ftj + 72 ?, 

(7) ft = Bx + /3iy + 7 it, ft = fty + 72 ?. 

Case 8. ft = ft, ft = 0. 

, _ 4ft(2ai/3i/32+a2/3f+3a2/3|) _ 2/3i/32(ft+a|) _ ai/3f/32+ai/3|+a2/3f+a2/3i/3| 

V?/ ??3 /Ift. /"2o/. r 2 I fi2 I To/, R. ft, 1 ’ ^000 3ffyf/I t— ft,/1,1 , ^000 —3(ai/32—a2/3i) 


+ 


-4/3i (3ai/32+ai/3|+2a2/3i/32) ’ 3(ai/3fta2/3i) ’ 

, _ 2aaJ*/3i/3|—ao:j*a2/3j^/32+3ao:j*a2/32 “3afto:|/3f —3afta|/3i/3|+caia2/3j^/32 

°°° “ 3fta2(ai/32-a2/3,)(/3f+/3|) + 

caiO!2/3,^+rfai/3p/3|—aaiaf/3|+aof/3ftaaf/3i/3|—a2/3i/3|75—5aaia|/3j^/32 
3aa2 («!/32 - a2/3i) (/3f+/3|) 

rfai/32'‘-ca|/3f-ca|/3i/3|-rfa2/3f/32-rfa2/3i/3|+ai/3f/32K+ai/3|i^-a2/3?7, ^ ^ r_r 

--, «i - ai, a 2 - « 2 , «3 - « 3 , /il - /^l 

_ 2aa^pil^2^'2-cicc^ct2pi-\^2aa^a2p2+^cicc^cc2pilh.^^(^ccicc2pi~^^^^^^p2 


ft = ft, ft =ft, 72 = 72, 73 = 73, 7i = ^ 

+/32 1 

2aof/3i/32+rfo:i/3[^/32+flfo!i/3|-rfo!2/3ftt/a2/3i/3|+o!i/3f'l^+o:i/32^0^ 

«2(/3f+/3|) 

(fi 

( 2 ) ft = 4 ", fl^ooo = 0 , ftoo = ftoo, cooo = cqoo, oii = —ela2, 0C2 = 0C2, (X3 = a^, pi = e/ft, ft = ft, 
ft = ft, 7 i = -£l{2dp2 + 72), 72 = 72 , 73 = Ti¬ 
es) ft = aooo = ^^3/32 °°°^ ’ ftoo = ftoo, cqoo = cqoo, ? 3 :i = e/a2, 0^2 = 0^2, 0^3 = cit 3 . Pi = e/ft, 

Q Q Q Q e/(6ftcoooof ^6al)oooa2/3|+2ca2/3|+2ii/3|+/3|i^) 

P2 — P2, P3 — P3, 7l — - ^ -, 72 — 72, 73 — 73- 

Accordingly, we get wg = + di cos ft + fte'’*, where 

( 1 ) ft = aix + fty + 7 it, ft = a 2 X + fty + 72 ?, 

( 2 ) ft = -ela 2 x + e/fty - e/ ( 2 dft + 72 ) t, ft = a 2 -ic + ftj + 72 ?, 

2^3 e , , jQ r/(6acoooaft6al)oooa2/3|+2ca2/3|+2rf/3|+/3|o^)f g , o , , 

(3) ft = e/a 2 .ic + e/fty-^^-?-?—ft = a2X + fty + 72 ?. 

Case 9. ft = ft, ft = ft, ft = 0. 

Ql 

(1) fl^OOO = 0, Pooo = Pooo, Cooo = ^, 0^1 = 0^1, 0^2 = £/«3, 0:3 = a 3 , j 8 i = pi, ft = ft = 0, 

7 i = SapQooCti — — 3aaia| —ctti — dpi, 72 = e/a 3 (SaPooo — Sattj^ — aa| — c), 73 = 3 aPoooOt 3 — 

3aaj^a3 — aa| — ca3. 

(2) aooo = ^3/33 ftoo = Pooo, cooo = cooo, 0:1 = ai, a2 = slcci, ccj = eai, pi = pi, P 2 = £iPi, 

R _ _ 3acoooa?-3al>oooai/3f+cai/3f+rf/3? _ 

P3 — £Pl, 7l — 73 — -r^2- 

4/3^ 

(3) aooo = 0, Pooo = Pooo, cooo = 


-, 72 = £^7i- 


«! = «!, a 2 = 0:3 = 0, Pi = pi, ft = -e/ft, ft = -ft, 
7 i = 3aPooo«i - aaf - cai - dpi, 72 = eldPi, 73 = dPi. 

Accordingly, we get wg = + di cos ft + ft cosh ft, where 

(1) ft = ttix + fty + (SaPoooCti — aotj^ — 3aaia| — cai — djSi) t, 

ft = ela^x + e/a 3 (SaPooo ~ 3aa^ — aa| — c) t, ft = a 3 X + ( 3 aPoooCt 3 — 3 aa^a 3 — ao;| — ca 3 ) t. 
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( 2 ) (§1 = aix + piy- 
^2 = £l(X\x + elpiy - el 


3acooo«i’-3afoooo«i/lf+c«ij3f+rfj3f 

W 

3acooo -3a&ooo ai/3f+cai/3f+rfj3f 


t, 


^3 = ea,X + el5i- 3 .cooo«?- 3 .fcooog/ 3 f+c«./lf+^/ 3 ? ^ 

( 3 ) 1^1 = aix + j30+ ( 3 aftooo«i -aaf-cai - 1^2 = -eljiiy + eldjiit, ^3 = -piy + djiit. 

Case 10 . d2 = d2, d^ = 0 . 

( 1 ) ‘^1 = ‘^2C, aooo = 0 , ^ooo = ^000> CqoO = «! = «!, «2 = 0 , tta = 

a3, Pi = Pu p2 = elpi, p3 = Pi, 7 i = ^abooQOCi - aa^ - - |aaia| - cai - dPi, 72 = 

Y {3aafa3 + 3 aaia| - 2dpi), 73 = Saboooa^ - ^aafa^ - jaaia^ - aa| - ca^ - dpi. 

(2) ’ ‘^1 ~ ^2C, aooo = 0, ^000 = ^000. cooo = oti = oci, a2 = 0, a3 = a^. 

Pi = Pi, p2 = -eiPi, p3 = -Pi, 7 i = ^aboooai - aaf + ^aafa^ - |aaia| - cai - dpi, 72 = 

Y {3aafa3 - 3 aaia| + 2 Jj 3 i), 73 = 3aZ7ooo«3 - ^aafa^ + |aaia| -aa| -ca3 + J/ 3 i. 

Accordingly, we get wio = + d2Ccos ^2 + r/2Cosh ^3, where 

(1) i§i = aix + Piy+ ( 3 a^ooo«i -aaf - jaafa3 - |aaia| - cai -dPi) t, 

^2 = £lpiy + Y {3aafa3 + 3aaia^ -2dpi) t, 

^3 = a3;r + j 3 iy + [3aboooOC3 — |aaj^a3 — |aaia| — aa| — ca3 — dpi) t. 

( 2 ) i§i = aix + j 8 iy+ ( 3 aftooo«i -aaj^ + |aai^a 3 - |aaia| - cai - dpi) t, 

^2 = -£lpiy + Y {3aafa3 -3aaia^ + 2dpi) t, 

^3 = a3;c —j 3 iy + (3aZ?oooOt3 — |aa2^a3 + ^aaia^ — aa| — ca3 +dj8i) t. 

Case 11 . di = di,d2 = d2, <^3 =d3. 

q2 

( 1 ) aooo = 0 , ^000 = ^ooo> cooo = = «i, a2 = 0 , a3 = a3, pi = p3 = 0 , p2 = P2, 

71 = 3 a%)oai — aaj^ — cai, 72 = —dp2, 73 = 3aboooa3 — aa| — ca3. 

a2 

( 2 ) aooo = 0 , booo = booo, cooo = ^, (^i = 0 , a2 = CC2, (X3 = a3. Pi = Pi, P2 = p3 = 0 > 7 i = —dpi, 

72 = a2 {aal + 3abooo - c), 73 = 3aboooa3 - ao^ - ca3. 

02 

( 3 ) aooo = 0 > booo = booo, cooo = — ^, ai = a2 = 0, a3 = a3, pi = elp2, P2 = P2, Ps = 0, 

71 = -eldp2, 72 = -dp2, 73 = 3aa3booo - aal “ 

q2 

( 4 ) aooo = 0 , ^000 = booo, cooo = ^,<^1= 0 > £^2 = 0f2> 0:3 = ela2, pi =0, p2 = £lp3, p3 = p3, 7 i = 0 > 

72 = aal + 3aftoooOt2 — £ldp3 — ca2, 73 = £laal + 3eIabooo£^2 — £lca2 — dp3. 

«2 

( 5 ) aooo = 0 > booo = booo, aooo = ^, «i = «3 = 0 > 0:2 = 0:2, pi = pi, P2 = 0, p3 = ePi, 71 = edPi, 
72 = a2 {aal + 3 a^ooo - c), 73 = -£dpi. 

a2 

(6) aooo = 0 , ^>000 = booo, cooo = T’ <^1 = a2 = a3 = 0 , pi = 0, p2 = £iP3, p3 = p3, 
7 i = -ai {aaf - 3abooo + c), 72 = -£ldp3, 73 = -dp3. 

g2 

( 7 ) aooo = 0> ^000 = booo, cooo = ^.0:1 = ai, a2 = a2, a3 = 0, Pi = p2 = 0, p3 = p3, ji = 
-ai (aai^-3aZ2ooo + c), 72 = a2 {aal + 3abooo - c), 73 = -dp3- 

( 8 ) aooo = 0 > ^000 = ^000. cooo = (^i = oti, a2 = £lai, a3 = ai, pi = pi, p2 = £lpi, p3 = Pi, 

7i = 3 aftoooo:i — 4 aaj^ — cai — dpi, 72 = e/( 3 aZ 2 oooOti — 4 aaj^ — cai — djSi), 73 = 3 aaiftooo ~ 
4aaj^ — cai — dpi. 

( 9 ) aooo = 0, ^>000 = ^ooo> cqoo = 0:1 = ai, a2 = —£lai, a3 = —ai, pi = pi, p2 = —£lpi, 

p3 = -pi, 7i = 3 a^ooo«i - 4 aaj^-cai -dPi, 72 = £/( 4 aaj^ - 3aZ7ooo«i +cai +<ij 3 i), 73 = 4 aaj^- 
3 aZ 2 oooo;i +cai +<ij 3 i. 


Accordingly, we get wi 1 = c +di cos ^2 + d2 cosh ^3 + d3e^', where 
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(1) i§i = a\x+ (Sa^oooOti — aal — cai) t, ^2 = Piy — d^ 2 t, ^3 = 0 L 2 X+ (Sa^oooOts — aa^ — ca^) t, 

(2) i§i = piy — dpit, ^2 = ot2X + a2 (aa| + 3 abooo — c) t, 1^3 = a2X+ ( 3 aZ?oooOt 3 — aa| — ca3) t, 

( 3 ) (§1 = el[ 52 y - eldp2t, ^2 = Piy - dp2t, ^3 = 0C3X + { 3 aa 3 booo - aa^ - ca^) t, 

( 4 ) i§i =0,^2 = «2X + elpsy + (aa| + 3 aftooo «2 - sldp^ - ca2) t, 
i§3 = ela2x + fi^y + [elaa^ + 3 eIaboooOC 2 - elca2 - dp^) t, 

( 5 ) i§i = piy + edjiit, ^2 = ocix + 0:2 (aa| + 3 abooo - c) t, ^3 = epiy - edjiit, 

(6) = aix - a\ {aa} - 3 abooo + c) t, ^2 = £W3y - £ldp3t, ^3 = [53y - dp3t, 

( 7 ) (§1 = a\x — «! {aa^ — 3 fl;Z>ooo + c) t, ^2 = 0L2X + 0:2 {aa^ + 3 aZ?ooo — c) t, 

^3 = p3y — dp3t, (8) i§i = aix + j8ij + (3aboooGCi — 4aaj^ — ctti — d/3ij t, ^2 = slocix + elpiy + 
el {3abQQQai — 4aa^ — cai — dpi) t, ^3 = aix + piy + (3aaiZ7ooo — — cai — dpi) t, 

(9) ^i = aix + Piy + [3aboooOCi-4aaf-cai-dpi)t, = -e/Wix - elpiy + 

£/ (4aa^ — 3aboooOCi + cai + t, ^3 = —ai;c — piy + (4aaj^ — 3aZioooo:i + cai + dpi) t. 

Case 12. <ii = di, d2 = d2- 

(1) d3 = -^,aooo = 0, booo = ^ooo> cooo = (^2 = £ 7 ai, a3 = a3, j 3 i = elp2, P2 = P2, 

p3 = 0 , 7i = 3 aZioooo:i — aaj^ — 3 aai a| — cai — eldp2, 72 = 3eIaboixiai — elaaf — 3elaai a| — 
elcai — dp2, 73 = 3aboooGC3 — 3aaj^a3 — aa| — ca3. 

(2) J3 = aooo = 0, booo = ^ooo> cooo = 0:1 = ai, a2 = a2, a3 = eai, pi = pi, p2 = 0, 

p3 = ePi, 7i = 3aaia2 — aa^ 4 - 3 abooo(^i — cai — dpi, 72 = — a2 ( 3 aaf — aa| — 3 abooo 4 -c), 73 = 

£ [aa^ — 3 aaia 2 — 3 aboooGCi +cai —dPi). 

( 3 ) d3 = -j-, aooo = 0 , ^000 = booo, cooo = ^, (^1 = oti, a2 = 0 , a3 = eai. Pi = pi, p2 = 0 , p 3 = ePi, 

71 = aaf — 3 aboooai +cai — dpi, 72 = 0, 73 = £ [ 3 aboooOCi — aa^ — cai — dPi). 

Accordingly, we get ( 1 ) ^12 = + di cos ^2 + d2 cosh ^3 + , 

( 2 ) W12 = + di cos i§2 + d2 cosh ^3 + ^c'’', ( 3 ) W12 = <ii + + d2 cosh ^3 + , where 

(1) ^i = aix + £lp2y+ { 3 abooo(Xi - ao^ - 3 aaial - cai -£ldp2) t, 

^2 = £ 7 aix + p2y + ( 3 £/a^ooo«i - £laaf - 3 elaai a| - £/cai - dp2) t, 

(§3 = a3;c + {3aboooOi3 — 3aala3 — aa| — ca3) t, 

(2) ^i = aix + jSiy + ( 3 aaia| — ao^ + 3 abooo(^i — cai — dPi) t, 

(§2 = 0L2X — a2 { 3 aal — acc^ — 3 abooo + c) t, 

^3 = £aix + £j8iy+ £ [aal ~ 3 aaia^ — 3 abooo(Xi +cai —dPi) t, 

( 3 ) i§i = aix + j8iy+ [aal — 3 abooo(Xi +cai —dpi)t, 

^3 = £aix + sPiy + £ (3a^oooOti — aal ~ 

Case 13. di = di, d2 = —di, d3 = d3. 

fl^ooo = 0 , booo = booo, cooo = ^, «i = 0 , a2 = a2, a3 = £la2. Pi = 0 , p2 = £lp3, p3 = p3, 7 i = 

72 = aal + 3aboooa2 — eldp3 — ca2, 73 = £/aa| + 3£labooo(X2 — £lca2 — dp3. 

Accordingly, we get ^13 = ^1 cos ^2 — di cosh ^3 + d3, where 

(§2 = Oi2X + elp3y + (aa| + 3abooo(X2 - £ldp3 - ca2) t, 

^3 = ela2X + p3y + [elaal + 3 £laboooOC 2 - elca2 - dp3) t. 

Case 14. <ii = di, d2 = <72- 

^ d\ajai-d2dlai+d\a\al-d\a\al+d\aia^-d\a\al+dlalai ^ 

^ e/( 4 a 2 a|- 4 afa 2 )- 8 aj’+ 4 afa 3 - 4 aia|+ 4 aia|+ 4 o!|a 3 

dl oi^ Ui +2d\ a^+el{d\ala2-d\al a2+2d\ a |+dl a2 al+d\ a2 a|) 

e/(4a2a|-4a^a2) -8aj’+4aj^a3-4ai a|+4ai a|+4a|a3 ’ 

4^2 

fl^ooo = 0, ^000 = ^ooo> cooo = oti = ai, a2 = a2, a3 = a3. Pi = pi, p2 = sipi, p3 = Pi, 7i = 
{aala2-aa2al) + ^ [aai a^; - aala3 — aaia^ - ao^;a3) +3aZ2ooo«i - cai -dpi-aal, 72 = 
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aal - \aala2 - |aa2«| + 3 aZ 7 ooo «2 - ca2 + ^ [aala-i + aaiO^ + aaial + aala^, - ^dpi) , 
73 = I (aala^, - aala-i - aaial - aa\al) -aa| + 3 a&ooo «3 -caa ^ (aa2«| - aala2) ■ 

Accordingly, we get wu = + di cos ^2 + d 2 cosh ^3 + , where 

(§1 = ttix + /3iy + 7it, (§2 = CC2X + lepiy + 72?, (§3 = aa-^ + Piy + 73 ?- 

Substituting w,- (/ = 1,2, • • • , 14) into Eqs. (9), u, v and ft), the exact solutions of the GNNVEs, 
can be obtained. 

Remark 3. Choosing the appropriate parameters, the two-soliton solutions, the periodic soli¬ 
tary wave solutions, the doubly periodic solition solutions and the kink periodic two-soliton solu¬ 
tions of the GNNVEs can be obtained directly. Eor example, setting ^3 = 1 in case 4 yields 
W 4 = 2 cosh (§1 -|-r/ 2 COshi§ 3 . Substituting W 4 into Eqs. (9), the two-soliton solutions of the GNNVEs 
can be obtained. Setting ^3 = 1 in case 7 yields w? = 2cosh<^i -|-dicosi§ 2 - Substituting wy into 
Eqs. (9), the periodic solitary wave solutions of the GNNVEs can be obtained. Setting a 3 = Ia 3 
in case 9-(l) yields wg = -|-<ii cosi §2 + d 2 Cos <§ 3 . Substituting wg into Eqs. (9), the doubly 

periodic solition solutions of the GNNVEs can be obtained. Setting <^3 = 1 in case 11 yields 
wi 1 = cosh -j- d\ cos i §2 + d 2 cosh <§ 3 . Substituting wn into Eqs. (9), the kink periodic two-soliton 
solutions of the GNNVEs can be obtained. 

Remark 4. Similar to the three-wave method, by using the homoclinic test approach [34], we 
can get some exact solutions of the GNNVEs. It being a similar process, we omit it. 

Remark 5. Setting c = d = 0, the results can apply to the NNVEs. 

5. Conclusions 

The GNNVEs are converted into the combined equations of differently two bilinear forms by means 
of the homogeneous balance of undetermined coefficients method. Then, the two class of exact N- 
soliton solutions and three wave solutions, which are influence of initial solutions u = aoooA = 
booo, 0 ) = cooo, are obtained respectively by using the Hirota’s direct method and the three wave 
method. 

This result shows that the method proposed in the paper is effective for NEPDEs which can’t 
be transformed to complete form of bilinear operator. The performance of this method is found 
to be simple and efficient. The availability of computer systems like Maple facilitates the tedious 
algebraic calculations. The proposed method is also a standard and computable method, which can 
be generalized to deal with some NEPDEs. 
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